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ABSTRACT
We study the drag force on dust grains moving at relativistic velocities through interstellar gas and
explore its application. First, we derive a new analytical formula of the drag force at high energies and
find that it is significantly reduced compared to the classical model. Second, we apply the obtained
drag force to calculate the terminal velocities of interstellar grains by strong radiation sources such as
supernovae and active galactic nuclei (AGNs). We find that grains can be accelerated to relativistic
velocities by very luminous AGNs. We then quantify the deceleration of relativistic spacecraft pro-
posed by the Breakthrough Starshot initiative due to gas drag on a relativistic lightsail. We find that
the spacecraft’s slowing down is negligible because of the suppression of gas drag at relativistic veloc-
ities, suggesting that the lightsail may be open for communication during its journey to α Centauri
without causing a considerable delay. Finally, we show that the damage to relativistic thin lightsails
by interstellar dust is a minor effect.
1. INTRODUCTION
The motion of dust grains through the ambient gas
inevitably experiences drag force, which acts in the op-
posite direction to the direction of grain motion and
leads to the grain slowing down.
Radiation pressure is a main acceleration mechanism
for dust grains, leading to the motion of grains through
the ambient gas. Radiation pressure from late-type stars
(e.g., Asymptotic Giant Branch (AGB), post-AGBs, and
planetary nebulae (PNe)) is found to produce grain
motion in circumstellar envelopes (Goldreich & Scoville
1976; Netzer & Elitzur 1993). In addition, fast modes
of magnetohydrodynamic turbulence are found to ac-
celerate charged dust grains to supersonic velocities
(Yan & Lazarian 2003; Yan et al. 2004; Hoang et al.
2012). Moreover, transit time damping is found to be
an efficient acceleration mechanism (Hoang et al. 2012).
The aforementioned astrophysical conditions can pro-
duce grain motion at non-relativistic velocities (v ≪
0.1c).
Spitzer (1949) first noticed that radiation pressure
from very strong radiation sources, such as super-
novae (SNe), can accelerate grains to speeds close to
that of light. The ejection of dust grains by SNe
and galactic winds is believed to be the main process
for the enrichment of metal in intergalactic medium
(Bianchi & Ferrara 2005). Diffusive shocks from super-
nova remnants (SNRs) are also found to be important
for acceleration of charged grains to very high veloc-
ities (Ellison et al. 1997; Giacalone et al. 2009). All in
all, the motions of grains in astrophysical conditions can
occur at a wide range of velocities, from thermal to rel-
ativistic motions.
The classical model of gas drag (Epstein 1924;
Baines et al. 1965; Draine & Salpeter 1979) is widely
used in astrophysics. However, the original model be-
comes inapplicable for grains moving at very high ve-
locities. Indeed, the classical model assumes that, upon
collisions, impinging atoms transfer their entire momen-
tum to the grain via sticky collisions or even deposit
twice its momentum to the grain via secular reflection.
Such an assumption becomes invalid when the speed
of impinging atoms is sufficiently large such that their
penetration depth is much larger than the grain diam-
eter. The goal of this paper is first to quantify the
gas drag force for grains moving at relativistic veloci-
ties, so-called relativistic gas drag.1 Note that a related
problem of relativistic radiation drag on a planar surface
moving through an isotropic radiation field is studied in
Lee & Cleaver (2016).
A new model for relativistic gas drag has important
implications for finding the terminal velocities of grains
accelerated by very strong radiation fields, which has im-
1 The diameter of dust grains in the diffuse interstellar medium
is much smaller than the mean free path. Thus, gas drag is well
within the Epstein regime, whereas the Stoke regime occurs for
grains larger than a few cm.
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portant implication for dust destruction in the ISM and
enrichment of intergalactic medium (Bianchi & Ferrara
2005). Indeed, the terminal velocities achieved by radi-
ation pressure is obtained by the balance between the
radiation force and drag force. The classical drag in-
creases rapidly with the grain velocity as v2 (see Draine
2011), which can reduce significantly the grain terminal
velocities.
Interestingly, the Breakthrough Starshot initiative2
aims to launch gram-scale spacecraft with miniatur-
ized electronic components (such as camera, navigation,
and communication systems) to relativistic velocities
(v ∼ 0.2c). This will enable the spacecraft to reach the
nearest stars, like α Centauri (a distance of 1.34 pc),
within a human lifetime. Powerful laser beams will be
used to propel a thin, highly reflective lightsail attached
to the spacecraft to relativistic speeds. Previous stud-
ies on the acceleration of relativistic lightsail by laser
beams ignore the effect of gas drag (Kulkarni et al. 2016;
Kipping 2017). Moreover, the motion of the relativistic
lightsail in the interstellar medium (ISM) will be subject
to relativistic gas drag, such that the spacecraft will be
decelerated. This issue will be quantified in this paper.
In this paper, we will first quantify the gas drag on
dust grains moving at relativistic velocities in Section
2. In Section 3 we will employ the obtained relativis-
tic drag force to calculate the velocities of grains accel-
erated by luminous astrophysical sources, such as SNe
and AGNs. We will estimate the deceleration of the rel-
ativistic spacecraft with an open lightsail and damage to
the lightsail by interstellar dust in Section 4. Our main
conclusions are presented in Section 5.
2. GAS DRAG: LOW AND HIGH ENERGY
REGIMES
2.1. Low energy regime: classical drag
Let us consider an atomic gas of density n and massm
for simplicity. A neutral grain of size a moving with low
velocity v experiences a drag force, given by the classical
formula:
Fdrag = 2pia
2kT (nG0(s)) , (1)
where T is the gas temperature, and
s =
(
mv2
2kT
)1/2
≡ v/vT , (2)
G0(s) ≈ 8s
3
√
pi
(
1 +
9pi
64
s2
)1/2
, (3)
with vT being the thermal velocity (see Draine 2011).
2 https://breakthroughinitiatives.org/Initiative/3
At high velocities, (i.e., s≫ 1), Equation (1) becomes
Fdrag = npia
2(mv2), (4)
which has a linear scaling with the kinetic energy E.
2.2. High Energy Regime
For rapidly moving grains, impinging atoms can pass
through the grain, transferring only part of their mo-
mentum.3
Indeed, the penetration depth of impinging
protons is approximately equal to RH(E) =
1(3 g cm−3/ρ)(E/100 keV)µm with ρ being the
mass density of dust (Draine & Salpeter 1979). It
indicates that for micron-sized grains (or thin light-
sails), the penetration depth is much larger than the
grain diameter at E > 100 keV, such that the classical
formula is not applicable. In this section, we will drive
a new drag formula for this regime.
2.2.1. Non-relativistic case
First, we consider the non-relativistic regime, i.e., v <
0.1c. To derive the drag force for the high energy regime,
we first need to find the momentum (or kinetic energy)
that the impinging ion transfers to the grain during its
passage. The kinetic energy loss of an ion after passing
through the grain is given by
∆E =
4a
3
dE
dx
, (5)
where dE/dx is the stopping power, and we have ap-
proximated the spherical grain as a slab of thickness
4a/3.
Let E, p be the kinetic energy and momentum of the
incident ion. The kinetic energy and momentum of the
ion exiting the grain, denoted by E′ and p′, are governed
by the law of energy conservation:
E′ = E −∆E, (6)
p′2 = p2 − 2m∆E. (7)
It is straightforward to derive the decrease in the ion
momentum due to the passage through the grain:
∆p=p− p′ = 2m∆E
p+ p′
=
2m∆E
p+ (p2 − 2m∆E)1/2 . (8)
For interstellar grains with a < 1µm and energetic
ions, we have ∆E ≪ p2/2m. Thus, the above equation
can be rewritten as
∆p =
2mp∆E
2p2 −m∆E ≈
∆E
v
. (9)
3 For energetic atom, the electron and nucleon interact inde-
pendently with the target. Here we disregard the electron due to
its much smaller momentum compared to nucleon.
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Figure 1. Stopping power as a function of the proton ki-
netic energy for quartz (solid lines) and graphite (dashed
lines), obtained from numerical calculations with the SRIM
code and our analytical approximation. An excellent fit is
achieved for E ∼ 102 − 105 keV.
With the rate of collisions Rcoll = nvpia
2, the total
momentum that gas atoms transfer to the grain per sec-
ond, namely drag force, is
Fdrag = Rcoll∆p = npia
2∆E. (10)
The stopping power of proton impact can be approx-
imated as
dE
dx
=
2Sm(E/Em)
η
1 + (E/Em)
, (11)
where η is the slope, Em = 100 keV and Sm is the
stopping power at E = Em. For graphite, we find that
η = 0.2 and Sm = 1.8× 106 keV/cm. For quartz mate-
rial, η = 0.25 and Sm = 1.3× 106 keV/cm.
Figure 1 shows an excellent fit of the analytical for-
mula to the exact results calculated with the SRIM code
for both graphite and quartz materials (Ziegler et al.
2010) for E ∼ 102 − 105keV.
From Equations (5), (10), and (11), we obtain an an-
alytical formula for the drag force:
Fdrag=npia
2(4a/3)
(
2Sm(E/Em)
η
1 + (E/Em)
)
, (12)
which scales as 1/E1−η with η ∼ 0.2 (or 0.25 for quartz
material) for E ≫ Em. This new drag force has a dif-
ferent scaling from the classical drag with Fdrag ∝ E
(see Eq. 4), and is several orders of magnitude lower
than predicted by the classical model at the same en-
ergy E > Em.
2.2.2. Relativistic case
Now, let consider the case where dust grains are
moving through the gas at relativistic velocities, i.e.
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Figure 2. Drag force as a function of the grain velocity com-
puted for the relativistic (red line) and non-relativistic (blue
line) cases. The drag force obtained with our analytical for-
mula is also shown for comparison (orange line). The drag
force rapidly decreases for v > 0.01c. Quartz (solid lines) and
graphite (dashed lines) grains of a = 0.1µm are considered.
v > 0.1c or β = v/c > 0.1. The Lorentz factor is
γ = 1/(1− β2)1/2.
The relativistic momentum of an incident particle of
rest mass m is
p = mcγβ, (13)
and its kinetic energy K = mc2(γ − 1).
The gas density in the reference frame fixed to the
grain is γn (see Hoang et al. 2015, hereafter HLS15).
Then, the force acting on the grain is given by
Fdrag = γnβcpia
2∆p. (14)
Following the same procedure as in the non-relativistic
case, we obtain the kinetic energy and Lorentz factor of
the ion after the collision given by:
K −K ′ = mc2(γ − γ′) = ∆E, (15)
which yields
γ′ = γ − ∆E
mc2
. (16)
The decrease in the ion momentum is calculated by
∆p = mc (γβ − γ′β′) , (17)
which is valid for arbitrary value of β.
Thus, the relativistic drag force is equal to
Fdrag = nmc
2pia2γ2β2
(
1− γ
′β′
γβ
)
. (18)
Figure 2 shows the drag forces calculated using the
non-relativistic (Equation 10, blue line), analytical for-
mula (Equation 12, orange line), and relativistic (Equa-
tion 18, red line) formulae with the stopping power
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dE/dx computed with the SRIM code from Hoang et al.
(2017). A good agreement in the drag force from the dif-
ferent approaches is observed for v < 0.5c.
The problem of gas drag on relativistic lightsails was
analyzed in Mcinnes & Brown (1990). However, the au-
thors adopted an approximation for ∆p (their Equation
37), which gives a different form of gas drag that de-
creases with v much slower than our formula. Note that
a charged grain also experiences Coulomb drag due to
electrostatic interaction with the plasma. Because the
cross-section of Coulomb interaction scales as 1/v2, the
Coulomb drag appears to be negligible for relativistic
grains. Finally, we have treated a spherical grain as a
slab. In reality, a spherical grain moving at relativistic
velocities would experience Lorentz contraction, but this
effect is small for γ < 2 and thus ignored in this paper.
3. GRAIN ACCELERATION BY STRONG
RADIATION FIELD AND NUMERICAL
RESULTS
In this section, we apply our new drag force to calcu-
late terminal velocities of grains accelerated by strong
radiation sources.
3.1. Radiation Pressure Force
Supernovae (type Ia and type II) have typical lumi-
nosity Lbol ∼ 108L⊙, for which grains are unlikely accel-
erated to v ≫ 0.1c. In this non-relativistic regime, the
radiation pressure force acting on a stationary grain at
distance r from the central source is given by the usual
formula:
Frad =
∫
dνc
u(ν)
hν
hν
c
Qpr,νpia
2 = urad〈Qpr〉pia2, (19)
where u(ν) = Lν/(4pir
2c), urad = Lbol/(4pir
2c) with
Lν being the specific luminosity, Qpr,ν is the radiation
pressure efficiency by photon of frequency ν, and
〈Qpr〉 =
∫
Qpr,νu(ν)dν∫
u(ν)dν
, (20)
is the radiation pressure efficiency averaged over the ra-
diation spectrum seen by the grain (see HLS15 for more
details).
Quasars or Seyfert galaxies have a typical luminosity
Lbol ∼ 1013L⊙, which are expected to accelerate grains
to v ≫ 0.1c (see HLS15). For this relativistic regime,
the Doppler effect must be taken into account. As a
result, the radiation pressure force is given by
Frad =
∫
dν′c
u(ν′)
hν′
hν′
c
Qpr,ν′pia
2 = u′rad〈Qpr〉γpia2,(21)
where ν′ is the frequency of photon and u′rad =
L′bol/(4pir
2c) is the energy density, and the prime de-
notes the physical quantity in the grain reference frame.
Here 〈Qpr〉γ is given by Equation (20) with ν replaced
by ν′, which results in its dependence on γ (see HLS15).
3.2. Equation of Motion
For stellar radiation sources in which grains are un-
likely accelerated to v > 0.5c, the equation of non-
relativistic motion can be described by
mgrdv
dt
=Frad − Fdrag, (22)
dr
dt
= v, (23)
where mgr is the grain mass, Fdrag and Frad are given
by Equations (12) and (19), respectively.
For AGNs or Seyfert galaxies, it is expected that
grains can be accelerated to v > 0.5c due to high ra-
diation intensity. Therefore, the equation of relativistic
motion for the radial velocity component of relativistic
particles takes the following form:
dp′gr
dt′
≡ mgrcdu˜
dt′
= Fradw (1− wu˜)− Fdrag, (24)
dr
dt′
= cu˜, (25)
where p′gr is the grain relativistic momentum, dt
′ is the
proper time measured in the grain frame, u˜ = γβ,
and w = γ − u˜ = γ(1 − β) accounts for the redshift
by Doppler effect (Robertson 1937; Noerdlinger 1971;
HLS15). Here, Fdrag and Frad are given by Equations
(18) and (21), respectively.
Substituting dr = cβdt = cu˜dt′ into Equation (24),
we obtain
du˜
dr
=
[
L′bol
4pir2c
〈Qpr〉γpia2f(u˜)− Fdrag
](
1
mgrc2u˜
)
,(26)
where f(u˜) =
(
γ − 2u˜− 2u˜3 + 2γu˜2).
Above, we have ignored the subdominant contribu-
tion of gravitational force and Lorentz force during the
acceleration stage.
3.3. Grain acceleration by SNe
We find the grain terminal velocities due to SNe ra-
diation by solving the equation of motion for the non-
relativistic case (Equation 22). We consider grains in a
cloud of n = 103 cm−3 and T = 20K, and subject to
SNe radiation of total luminosity Lbol ∼ 106 − 109L⊙.
Note that a SN Ia has the luminosity declining from its
peak of ∼ 109L⊙ to 107L⊙ after ∼ 300 days. Here, we
assume the luminosity is constant and consider several
values for it.
Initially, grains are assumed to be located at the sub-
limation distance, rsub, from the central source, which
is given by
rsub =
(
LUV
5× 1012L⊙
)1/2(
Tsub
1800K
)−5.6/2
pc, (27)
Relativistic gas drag 5
100 101 102 103
time(day)
102
103
104
v(
km
/s
)
Lbol =10
6L⊙
107L⊙
108L⊙
109L⊙
100 101 102 103
time(day)
102
103
104
v(
km
/s
)
Lbol =10
6L⊙
107L⊙
108L⊙
109L⊙
Figure 3. Grain velocities accelerated by SNe as a function
of time obtained with the classical drag force (upper panel)
and new drag force (lower panel) for the different luminos-
ity. The classical drag force induces the decrease of v after
the peak (upper panel). Graphite grains with size a = 0.1µm
are considered.
where LUV is the luminosity in the optical and UV,
which is roughly one half of the bolometric luminos-
ity, and Tsub is the dust sublimation temperature (see
Scoville & Norman 1995). In the following, we adopt
Tsub = 1500K and 1800K for silicate and graphite grains
(see Guhathakurta & Draine 1989).
The upper panel of Figure 3 shows the grain veloci-
ties as a function of time using the classical drag force.
The grain velocities increase rapidly to their maximum
values of vmax > 10
4 km/s for Lbol > 10
6L⊙. Beyond
the peaks, the grain velocities decline due to the rapid
increase of the gas drag as v2. In the lower panel where
the new drag force is used, the grain velocities continue
to rise and achieve its terminal values. The maximum
grain velocity induced by SNe radiation is v ∼ 0.13c for
Lbol = 10
9L⊙.
3.4. Grain acceleration by AGNs
We first consider AGNs with typical luminosity of
Lbol = 10
9 − 1012L⊙, for which v > 0.5c is not ex-
pected. Thus, we find the grain velocities by solving the
non-relativistic equations of motion. The resulting ve-
locities are shown in Figure 4. We see a similar trend
as in the SNe case, but the terminal velocities are much
higher due to larger Lbol, as expected.
The most luminous quasar discovered to date has
Lbol ∼ 4.3×1014L⊙ (Wu et al. 2015), which is expected
to accelerate grains to v > 0.5c. Thus, we can employ
the relativistic equations of motion (Equation 26) to find
grain terminal velocities for Lbol upto 10
15L⊙. First, we
substitute L′bol = Lbolγ
2(1 − β)2 (see HLS15). We also
compute 〈Qpr〉γ for different γ using a typical radiation
spectrum of unobscured AGNs, which will be used to in-
terpolate for 〈Qpr〉γ and calculations of Frad. Then, we
solve Equation (26) numerically for u˜ as a function of r
with initial radius ri = rsub and final radius rf = 20rsub.
The terminal velocities represented through γ for the
different grain sizes are shown in Figure 5. It can be
seen that, for brightest quasars or Seyfert galaxies of
Lbol ∼ 1014 − 1015L⊙, radiation pressure can accelerate
dust grains to relativistic velocities with v ∼ 0.75c −
0.85c (γ ∼ 1.5−1.8), in agreement with the results from
HLS15 where the drag force is disregarded.
4. IMPLICATIONS FOR RELATIVISTIC
LIGHTSAILS
4.1. Deceleration of relativistic lightsails
The Breakthrough Starshot initiative plans to use
powerful laser beams to propel a spacecraft attached to
a thin, highly reflective lightsail to v ∼ 0.2c. The light-
sail is recommended to be folded to minimize the effect
of gas drag during the flight. Nevertheless, whether in-
terstellar gas can lead to a significant deceleration of the
spacecraft is still unknown.
Using Equation (12), we estimate the slowing down of
a lightsail of area Asail and thickness l as follows:
∆v
v
=
Fdrag∆t
Mv
=
nAsail∆E∆t
Mv
≃
(
2.5× 10−6
M
)
×
(
NH
1018 cm−2
)(
0.2c
v
)2.8(
Asail
1m2
)(
l
1µm
)
,(28)
where M is the total mass of the spacecraft and the
lightsail, NH is the gas column swept by the lightsail,
and E = mHv
2/2.
For a lightsail of Asail = 1m
2 and l = 1µm, and
M = 2g, we get ∆v/v = 10−6 for NH = 10
18 cm−2,
i.e., by the time the spacecraft reaches α Centauri
(Linsky & Wood 1996). Thinner lightsails of 10 nm ex-
perience much weaker deceleration. Therefore, the slow-
ing down of the spacecraft by interstellar gas leads to a
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Figure 4. Same as Figure 3, but for AGNs with Lbol = 10
9
−
1012L⊙. Grains can be accelerated to relativistic velocities
of v > 0.1c for Lbol = 10
12L⊙.
delay in the spacecraft arrival by a couple of minutes,
which is negligible. Note that the lightsail inevitably
gets charged by collisions with interstellar gas, which
can lead to the deflection of the spacecraft from the in-
tended target and spacecraft oscillation (Hoang & Loeb
2017).
Finally, we note that previous studies on the acceler-
ation of relativistic lightsail by laser beams ignore the
effect of gas drag (Kulkarni et al. 2016; Kipping 2017).
In the light of our new result, the effect of gas drag will
be negligible because the spacecraft would be rapidly
accelerated to very high velocity at which the drag force
is substantially reduced.
4.2. Damage of relativistic lightsail by interstellar
matter
Thin lightsails will be damaged by interstellar gas and
dust. At relativistic speeds, the damage by gas is not im-
10 11 12 13 14 15
log10(Lbol [L⊙])
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2.0
γ
=
(1
v
2
/
c
2
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1
/
2
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0.1µm
Figure 5. Lorentz factor γ =
(
1− v2/c2
)−1/2
as a function
of the luminosity for three different grain sizes. Relativistic
grains with γ ∼ 1.8 (v ∼ 0.85c) are achieved by the most
luminous AGN.
portant because atoms pass through the thin sail. The
issue of damage of very thin lightsails by dust impact
was studied in Early & London (2000), where the au-
thors show that each dust grain can produce a hole of
diameter not much larger than the grain diameter at
v > 0.1c.
Let us estimate the total damage caused by interstellar
dust towards α Centauri. We assume that a dust grain
will produce a hole of the diameter of twice that of the
grain, which is an upper limit for lightsails moving at
v > 0.1c (see Early & London 2000). Then, the fraction
of the lightsail surface area damaged after it swept a gas
column of NH is given by
fS,sail=
∫ amax
amin
pi(2a)2AMRNa
−3.5daNH
≃ 8pia−0.5min AMRNNH
∼ 0.01
(
amin
3.5A˚
)−1/2(
NH
1018 cm−2
)
, (29)
where we have assumed that the size distribution of
interstellar dust follows a power law distribution from
Mathis et al. (1977) with amin = 3.5A˚, amax = 0.25µm,
and AMRN = 10
−25.16 cm−2.5. Thus, upto 1% of the
lightsail will be damaged by dust impact by the time the
spacecraft reaches α Centauri given by NH ∼ 1018 cm2.
5. CONCLUSIONS
We have derived a new formula of drag force experi-
enced by grains moving at high velocities through the
interstellar gas, for both non-relativistic (v < 0.1c) and
relativistic (v ≫ 0.1c) regimes. The relativistic drag
force is found decreasing with the kinetic energy of im-
pinging ions as 1/E0.8 for E ≫ Em = 100 keV, which
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is different from the linear scaling of the classical drag
formula.
Using the new drag formula, we calculated the termi-
nal velocities of grains accelerated by radiation pressure
from SNe and AGNs. We found that grains can be accel-
erated to relativistic velocities by very strong radiation
sources, such as Seyfert galaxies and Quasars. Such rel-
ativistic dust grains were once referred to explain ultra-
high energy cosmic rays, but it is shown in (Hoang et al.
2015) that relativistic grains would be destroyed rapidly
in the ISM by Coulomb explosions.
Finally, we showed that the slowing down of relativis-
tic lightsails of the type envisioned by Breakthrough
Starshot due to interstellar gas drag is negligible thanks
to the suppression of gas drag at relativistic velocities.
Thus, the lightsail can be open for communication and
navigation during its journey to α Centauri without re-
sulting in a considerable delay. We also evaluated the
damage of thin relativistic lightsails by interstellar dust.
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